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Abstract
A 2.5 dimensional method is developed to investigate the mode waves in a deviated borehole penetrating a transversely isotropic
formation. The phase velocity dispersion curves of the fast and slow ﬂexural mode waves excited by a dipole source are computed
accurately at diﬀerent deviation angles for both hard and soft formation. The sensitivity of ﬂexural waves to all the ﬁve elastic
constants are calculated. Numerical results show that for a soft formation, the fast ﬂexural mode wave is dominated by C66 at
high deviation angles and low frequencies, the slow ﬂexural mode wave is dominated by C44 at the same condition. An inversion
procedure is presented to prove the sensitivity analysis.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientiﬁc Committee of 2015 ICU Metz.
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1. Introduction
Acoustic wave propagation in boreholes is the theoretical basis for acoustic well logging. In a real situation, many
of the sedimentary rocks with horizontal layers can be characterized as transversely isotropic (TI) when the wavelength
of the elastic waves is much larger than the thickness of layers. For such a TI formation, the medium presents isotropy
in the horizontal plane while the wave propagation along the vertical axis is diﬀerent from that in the horizontal plane.
When the borehole axis is parallel to the symmetrical axis of the TI formation, analytic methods such as the real
axis integration (RAI) and the branch-cut integration can be used to investigate the borehole acoustic ﬁeld. When the
borehole axis is deviated, analytic solutions of the wave ﬁeld can no longer be obtained [1]. A ﬁnite diﬀerence time
domain (FDTD) method is widely used to study this problem by computing the waveforms [2]. Dispersion curves can
be obtained from the results in time domain. The perturbation method is also used when the formation shows weak
anisotropy [3].
In this paper, we present a 2.5-dimensional frequency wave-number method to investigate the mode wave charac-
teristics in a deviated borehole. The mode distributions and their dispersion characteristics are observed and analyzed
intuitively and accurately. The sensitivities of the mode waves to the elastic constants are obtained based on calculat-
ing the dispersion curves accurately. A simple inversion procedure is provided to support our results.
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Fig. 1. (a) Model of a deviated borehole; (b) Model of the computation area.
2. Method and results
2.1. Method validation
Consider a ﬂuid-ﬁlled cylindrical borehole embedded in an inﬁnite TI formation. The vertical z′ axis is the symmet-
rical axis of the formation while the borehole is deviated with deviation angle α, see Fig. 1(a). Because the formation
exhibits isotropy in the horizontal plane, without loss of generality, we assume that y axis and y′ axis coincide so that
we can obtain the Cartesian coordinate O − xyz from O − x′y′z′ when it rotates around y′ axis with angle α. The
acoustic source is located at the origin. The receivers are located at the borehole axis. For a dipole source, there exists
an orientation angle θ, see Fig. 1(b).
When the borehole and surrounding formation are assumed invariant in the axial z direction. Using the separation
of variables technique, the wave propagation in the z direction may be described by exp(ikzz) where kz is the wave-
number in the z direction. We have:
φ(x, y, z, t) =
1
2π
∫ ∞
−∞
∫ ∞
−∞
φ(x, y, ω, kz)ei(kzz−ωt)dωdkz, (1)
where φ is the displacement potential which fulﬁlls the wave equation. Thus, we can compute φ(x, y, ω, kz) for diﬀerent
ω and kz instead of computing φ(x, y, z, t) directly, i.e. the 2.5-dimensional method. From the ω − kz domain results,
mode distribution can be seen clearly and dispersion can be obtained. The computation area is shown in Fig. 1(b).
We use the PDE module of a commercial FEM software COMSOL to solve the equations. An artiﬁcial convolutional
perfectly matched layer (PML) is realized to absorb the incident waves [4], [5]. The Bond Transform C = MC0MT is
used to obtain the elastic constants in the new coordinate [6], where C0 is the elastic constants matrix expressed in the
coordinate of TI formation and M is a matrix related with deviation angle α.
Firstly, we use a non-deviated borehole model to validate our method as the analytical solution exists for such a
model. The acoustic velocity in the borehole ﬂuid is v f = 1500m/s and the density is ρ f = 1000kg/m3. The borehole
radius is 0.1m. A dipole source is located at the origin. The parameters of TI formation are listed in Table 1.
Table 1. Parameters of the formations
C11(GPa) C33(GPa) C13(GPa) C44(GPa) C66(GPa) ρs(kg/m3)
Cotton Valley shale 74.7 58.8 25.3 22.0 30.0 2640
Austin Chalk 22.0 14.0 12.0 2.4 3.1 2200
Fig. 2(a) shows the phase velocity dispersion curves of ﬂexural modes for both fast and slow formations. The solid
lines are the analytic results while the points are the results obtained using our method. The comparison indicates that
our results are in good agreement with those of the analytic method. These results give us a conﬁdence that the mode
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Fig. 2. (a) Method validation; Phase velocity curves of the ﬂexural waves for (b) slow formation and (c) fast formation.
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Fig. 3. Sensitivity to elastic constants when α = 90◦ for (a) fast ﬂexural wave (b) slow ﬂexural wave.
distributions of the wave ﬁeld and the phase velocity dispersion curves of mode waves obtained using our method are
accurate for our numerical analyses.
2.2. Results
Here we present the ﬂexural wave dispersion curves for diﬀerent deviation angles. In Fig. 2(b) and 2(c), the slow
ﬂexural wave (θ = 0◦, solid lines) and the fast ﬂexural wave(θ = 90◦, dashed lines) for α = 0◦, 30◦, 60◦, 90◦ are
presented. At low frequencies, the velocities of fast and slow ﬂexural waves are near the SH or quai-SV wave speeds
of TI formation. When the borehole is deviated, the ﬂexural wave splits, the velocity of fast ﬂexural wave increases
monotonically with the increase of the deviation angle while that of slow ﬂexural wave does not.
In the theoretical modeling of guided-wave propagation in a borehole, many parameters can inﬂuence the wave
propagation characteristics [7]. Sensitivity analysis is commonly used to analyze the importance of each parameter in
aﬀecting the wave propagating. It is simply deﬁned as the normalized partial derivative of the waves phase velocity
with respect to a model parameter p:
S ensitivity =
p
vphase(ω)
∂vphase(ω)
∂p
(2)
As the dispersion curves can be obtained accurately using our method, the sensitivity analysis is achievable. We
have found that the fast ﬂexural wave is more sensitive to C66 at a high deviation angle while the slow ﬂexural wave
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Fig. 4. An inversion procedure
is more sensitive to C44 at the same condition, as shown in Fig. 3. Now we present an inversion procedure to support
the sensitivity analysis. The surrounding formation is Austin Chalk. A dipole source (θ = 90◦) is used to excite a fast
ﬂexural wave at 2kHz when α = 90◦. The real value of phase velocity v = 1176.0m/s. All the parameters are assumed
known except C66. Firstly, give C66 an initial value and conduct a forward simulation to obtain the phase velocity v1
(the subscript stands for the iterate number). Secondly, as shown in Fig. 3(a), the sensitivity to C66 is always positive,
the phase velocity should increase monotonically when C66 increases. So if v1 < v, increase the guess value of C66,
otherwise decrease it. Repeat the above two steps until the error is less than the tolerance.
LetC44 be the initial value ofC66 and conduct the computations. The result is shown in Fig. 4, marked with circles.
Only several iterate times are needed. However, in a real situation, known parameters may deviate from the real value
for some reasons such as the measurement error. The inversion procedure should be stable and still converge to the
real value. Here we assume that C33 has a 20% oﬀset from the real value of Austin Chalk formation, then we conduct
the inversion procedure again, see Fig. 4, marked with crosses. Very little diﬀerence is presented which means the
sensitivity analysis is correct. Similar results can be obtained to support Fig. 3(b).
3. Conclusion
A 2.5-dimensional frequency wave-number method is used to investigate the mode wave characteristics in a devi-
ated borehole penetrating a TI formation. Flexural wave dispersion curves at various deviation angles for both fast and
slow formation are presented. The sensitivity analysis is conducted. At high deviation angles and slow frequencies,
the fast ﬂexural wave is dominated by C66 while the slow ﬂexural wave is dominated by C44. A simple inversion
procedure supports the results.
Acknowledgements
This work is supported by the Natural Science Foundation of China with Grant No. 11134011.
References
[1] Ellefsen, K., 1990. Elastic wave propagation along a borehole in an anisotropic medium. Ph.D. thesis. Massachusetts Institute of Technology.
[2] Wang, X., Hornby, B., Dodds, K., et al., 2002. Dipole sonic response in deviated boreholes penetrating an anisotropic formation, in: 2002 SEG
Annual Meeting, Society of Exploration Geophysicists.
[3] Sinha, B.K., Norris, A.N., Chang, S.K., 1994. Borehole ﬂexural modes in anisotropic formations. Geophysics 59, 1037C1052.
[4] Li, Y., Matar, O.B., 2010. Convolutional perfectly matched layer for elastic second-order wave equation. The Journal of the Acoustical Society
of America 127, 1318C1327.
[5] Liu, L., Lin, W.j., Zhang, H.l., Wang, X.M., 2013. Simulation of 2.5-dimensional borehole acoustic waves with convolutional perfectly matched
layer, in: Piezoelectricity, Acoustic Waves and Device Applications (SPAWDA), 2013 Symposium on, IEEE. pp. 1C4.
[6] Winterstein, D., 1990. Velocity anisotropy terminology for geophysicists. Geophysics 55, 1070C1088.
[7] Tang, X.M., Cheng, C.H.A., 2004. Quantitative borehole acoustic methods. volume 24. Gulf Professional Publishing.
